We give a characterization of Fermat cubic hypersurfaces of dimension greater than 2 in characteristic 2 in terms of the property, called (GMRZ), that a projective variety admits an embedding whose Gauss map is of rank 0. In contrast to the higher dimensional case, for cubic surfaces the above characterization is no longer true. Moreover, we prove that the process of blowing up at points preserves the property (GMRZ), and that every smooth rational surface in fact satisfies (GMRZ) in the characteristic 2 case. c ⃝ 2012 Elsevier Inc. All rights reserved.
Introduction
Let X be a projective variety over an algebraically closed field of characteristic p ≥ 0. For an embedding ι : X ↩→ P M , the Gauss map γ = γ ι : X G(dim(X ), P M ) is defined by sending each smooth point x ∈ X to the embedded tangent space T x X ⊂ P M . To avoid trivial exceptions we treat γ only for a non-linear ι(X ) ⊂ P M . We say that the Gauss map γ is of rank 0 if the linear map d x γ : t x X → t γ (x) G(dim(X ), P M ) of Zariski tangent spaces at a general point x ∈ X is also of rank 0.
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⃝ 2012 Elsevier Inc. All rights reserved. doi:10.1016/j.aim.2012.03. 006 We give the following characterization of Fermat cubic hypersurfaces with respect to Gauss maps:
Theorem 0.1. Let X ⊂ P N be a smooth cubic hypersurface with N ≥ 4 over an algebraically closed field of characteristic p ≥ 0. Then there exists an embedding ι : X ↩→ P M whose Gauss map is of rank 0 if and only if p = 2 and X is projectively equivalent to the Fermat cubic hypersurface.
Note that this result was already shown in the case of N ≥ 5 [3, Theorem 0.4] . In Section 1, to complete the characterization, we show the case for N = 4 by using several geometric techniques (for example, in Proposition 1.6, we use a basic fact about singularities of cubic surfaces).
In Section 2, we see that the statement of Theorem 0.1 is no longer true in the case of N = 3 (Corollary 2.3). Moreover, we show that every smooth rational surface admits an embedding whose Gauss map is of rank 0 if p = 2 (Theorem 2.5). This is deduced from the following result for blow-ups:
Theorem 0.2 (=Theorem 2.1). In the case of p = 2, the process of blowing up at points preserves the property for projective varieties X that there exists an embedding ι : X ↩→ P M whose Gauss map is of rank 0.
In [3] , the above property for X is called (GMRZ), and we hereafter use this notation.
The cubic 3-fold
In this section, we prove Theorem 0.1 for N = 4 in several steps. Let X ⊂ P 4 be a smooth cubic 3-fold. We denote by F = {L ∈ G(1, P 4 ) | L ⊂ X } the set of lines on X , and denote by U ⊂ F × X the universal family over F with projections u : U → F and v : U → X.
The splitting type of a vector bundle A on P 1 , denoted by A = [a [3, Lem. 2.7] . Since h 0 (N L/ X ) = 2 and h 1 (N L/ X ) = 0, it follows that dim F = 2, and hence v is generically finite. Proposition 1.1. For a smooth cubic 3-fold X , we have deg(v) = 6. In particular, if p = 2, then the separable degree of v is equal to either 3 or 6.
Proof. The statement follows from [1, (1.7)].
We denote by γ 0 : X → (P 4 ) ∨ := G(3, P 4 ) the Gauss map of the original embedding X ⊂ P 4 , where it follows from [12, I, 2.8. Corollary] that γ 0 is a finite morphism onto its image. We define O X (1) = O P 4 (1)| X . Since X is a cubic hypersurface of P 4 , the map γ 0 is defined by quadratic polynomials; hence
Proposition 1.2. Let X ⊂ P 4 be a smooth cubic 3-fold such that there exists an embedding ι : X ↩→ P M whose Gauss map is of rank 0. Then, for any line L on X , it follows that N L/ X = [−1, 1] and that the image γ 0 (L) is equal to a line in (P 4 ) ∨ . 
] for any line L on X .
Proof. As in Remark 1.3, we have p = 2. Let ι be an embedding whose Gauss map is of rank 0. From the Lefschetz theorem, it follows that PicX is isomorphic to PicP 4 and is generated by O X (1); hence there exists an integer a such that ι 
Assume that the property (b) of Lemma 1.4 holds. Then v is a finite morphism. The reason is the following. Let x ∈ X , let L ∈ F x , and let V be an irreducible component of
Next, we show that v is a smooth morphism, as follows: for each point (L , x) ∈ U , we have an exact sequence of Zariski tangent spaces,
As a result, we have that the morphism v isétale. By [6, Cor. 2] , the hypersurface X is simply connected. Therefore v is an isomorphism, which contradicts Proposition 1.1. Thus we have
To prove Proposition 1.5, we show the following result. Here, for a linear subspace A ⊂ P 4 , we denote by A * ⊂ (P 4 ) ∨ the subset of H ∈ (P 4 ) ∨ such that A ⊂ H . Proposition 1.6. Let X be as in Proposition 1.2, and assume that γ 0 | L is separable for a general line L ⊂ X . Then, for the 2-plane M ⊂ P 4 satisfying γ 0 (L) = M * ⊂ (P 4 ) ∨ , we have a line R ⊂ X such that R ̸ = L and that R ∪ L is equal to M ∩ X set-theoretically. Moreover, for a general point x ∈ L, the set γ
Lemma 1.7. Let X ⊂ P 4 be a smooth cubic 3-fold. Let L ⊂ X be a line, and let M ⊂ P 4 be the 2-plane satisfying γ 0 (L) = M * in (P 4 ) ∨ . Then the intersection multiplicity of M and X at each point of L is greater than 1. Thus, set-theoretically, M ∩ X is equal to either
thus the intersection multiplicity of M and X at x is greater than 1. Since X is cubic, the assertion follows.
From [11, Section 1], we have the following basic properties of a singular cubic surface: Lemma 1.8. Let S ⊂ P 3 be a singular cubic surface which is not a cone.
(a) Every singular point of S is a double point.
(b) For distinct singular points P, Q ∈ S, the line P Q is contained in S.
(c) The singular locus of S is equal to either a line of singularities or a set of finitely many double points. (d) Assume that the singular locus of S is equal to a set of finitely many double points. Then, no three double points are collinear, no four double points are coplanar, and the number of double points is less than or equal to 4.
Proof of Proposition 1.6. We denote by X 0 the set of points x ∈ X such that F x is a finite set and that γ 0 | L is separable and unramified at x for any line L ∈ F x . We find that X 0 is dense in X , as follows: recall that v is generically finite.
Thus the following subset of X :
is of codimension ≥1, where
Let L = L 1 ⊂ X be a general line, and let x = x 0 ∈ L ∩ X 0 be a point. From Proposition 1.1, we have at least two distinct lines L 2 , L 3 ⊂ X passing through x. Then there exist three points x i ∈ L i with 1 ≤ i ≤ 3 not equal to x such that γ 0 (x i ) = γ 0 (x). We set S := T x X ∩ X , which is a cubic surface containing three lines L i with 1 ≤ i ≤ 3 and being singular at four points x i with 0 ≤ i ≤ 3. Here, the cubic S is singular at only finitely many points, is irreducible, and is not a cone. The reason is as follows: the set γ −1 0 (γ 0 (x)) = Sing(S) consists of only finitely many points, since γ 0 is a finite morphism. If S = S 1 ∪ S 2 with surfaces S 1 , S 2 ⊂ T x X ≃ P 3 , then S 1 ∩ S 2 is of dimension 1; since S is singular along S 1 ∩ S 2 , we have a contradiction. If S is a cone with vertex v, then we have that S is singular along lines vx i with i, a contradiction.
From Lemma 1.8, the set γ
∩ M ̸ = ∅. Since the four points x i are not coplanar, two lines L and L (x) are disjoint, which implies that the intersection point of L (x) and M is not contained in L. Hence we have M ∩ X ̸ = L. From Lemma 1.7, there exists a line R satisfying X ∩ M = L ∪ R, and R contains the intersection point of L (x) and M.
Proof of Proposition 1.5. Let h ∈ H 0 (P 4 , O(3)) be the defining polynomial of X , and let z 0 , . . . , z 4 be homogeneous coordinates on P 4 . Then γ 0 is expressed by polynomials ∂h/∂z
We fix a general line L ⊂ X , and suppose that γ 0 | L is separable. As in Proposition 1.6, we can take the line R ⊂ X satisfying R ∪ L = M ∩ X . In addition, there exists a dense subsetL ⊂ L whose point x satisfies that the set γ −1 (γ (x)) consists of four distinct points x, x 1 , x 2 , x 3 with L = x x 1 , and that
Let us consider the following locus in X :
For x ∈L, the line γ 0 (L (x) ) intersects γ 0 (L) and γ 0 (R), which implies that γ 0 (L (x) ) is contained in the 2-plane R * ⊂ (P 4 ) ∨ . Thus R * is equal to the image γ 0 (Y ), and is spanned by two lines γ 0 (L) and γ 0 (R).
A
Since
and since the left hand side of the above formula is equal to , it is sufficient to prove rkdγ 0 = 0, where we recall that γ 0 is the Gauss map of the original embedding X ⊂ P 4 .
From Proposition 1.5, it follows that γ 0 | L is inseparable for any line L in X . Now we show that rkdγ 0 = 0, as follows. Let x ∈ X be a general point. From Proposition 1.1, we find at least three distinct lines 
Blow-ups of varieties satisfying (GMRZ)
Recall that we say that X satisfies (GMRZ) if there exists an embedding ι : X ↩→ P M , whose image ι(X ) is non-linear in P M , such that the Gauss map γ = γ ι is of rank 0 [3] . In Section 2.1, we will prove Theorem 0.2, which is precisely described as follows: Theorem 2.1. Let Y be a projective variety and letỸ → Y be the blow-up at a point P ∈ Y . Assume that Y satisfies (GMRZ), and assume that p = 2. ThenỸ satisfies (GMRZ).
Note that, in the theorem, we need not assume the smoothness of Y at the point P. On the other hand, we can determine a situation where blow-ups satisfy (GMRZ), as follows: Since a smooth cubic surface in P 3 is given by the blowing up of P 2 at six points, and since P 2 satisfies (GMRZ), it follows from Theorem 2.1 that we have: Corollary 2.3. Every smooth cubic surface satisfies (GMRZ) if p = 2.
In Section 2.2, we will give constructions of projective varieties which satisfy (GMRZ) by using Theorem 2.1. As a result, we have: 
Blowing up
In order to prove Theorem 2.1, we first study the blowing up of the projective space P m in characteristic p > 0. Let us consider the following composite morphism:
where Γ Frob p is the graph morphism of the Frobenius morphism Frob p : P m → P m , and P m × P m ↩→ P M is the Segre embedding with M = (m + 1) 2 − 1. Let P ∈ P m , P 1 := F(P), and let π P 1 : P M P M−1 be the projection from the point P 1 . Now we set
We defineP := BL P (P m ). By resolving the indeterminacy of π P 1 • F : P m X , we have a morphism φ :P → X . Here we have the following results. Thus the blow-up of P m at one point satisfies (GMRZ) if p = 2.
Remark 2.8. In (b) we in fact show that Sing(X ) = φ(E) in the case p ≥ 3, where E ⊂P is the exceptional divisor. (x 0 , x 1 , . . . , x m ) on P m , we may assume that P = (1, 0, . . . , 0) and assume that F is given by
Proof. (a) Changing coordinates
On the open subset {x u = 1} ⊂ P m \ {P} with 0 ≤ u ≤ m, the sub-parameters (x 0 , . . . , x u−1 , x u+1 , . . . , x m ) appear in the right hand side of the above description of π P 1 • F. Thus {x u = 1} is isomorphic to its image in X for each u; hence we have P m \ {P} ≃ X 0 . Since x p i x j vanishes under the operators
it follows from [5, Lem. 2.1] that the Gauss map of X ↩→ P M−1 is of rank 0.
(b) First, we give the coordinates of the morphism φ :P → X ⊂ P M−1 as follows. Let Γ π P : P m \ {P} → P m × P m−1 be the graph morphism of the projection π P : P m P m−1 , where Γ π P is given by
ThenP is equal to the closure of Γ π P (P m \ {P}). Let (y 1 , . . . , y m ) be the set of coordinates on
, and have φ = Φ|P. Note that we have two isomorphisms φ|P \E :P \ E → X 0 and φ| E : E → φ(E), where E := {P} × P m−1 ⊂P is the exceptional divisor. Therefore φ is a bijective morphism. Now suppose p = 2. We will show that φ is isomorphic, as follows. Let p 2 :P → P m−1 be the second projection, and let U i := {y i ̸ = 0} ⊂ P m−1 be the standard open subset. Then it is sufficient to show that φ is isomorphic on p −1 2 (U i ) for all 1 ≤ i ≤ m. By symmetry, we may assume that i = 1 and set U := U 1 . We havẽ
Here, in the case y 1 = 1, we have equalities x i = x 1 y i for 2 ≤ i ≤ m, and have an isomorphism (1, y 2 , y 3 , . . . , y m )).
Here we have x 1 ), (1, y 2 , . . . , y m ))) i, j = (1, y 2 , . . . , y m , * , . . . , * ),
Thus Φ • ψ| V ×U is isomorphic to its image; hence so is φ| p −1 2 (U ) . Suppose p ≥ 3. As above, we consider the morphism φ • ψ| V ×U . In this case, it is obtained from x 1 ), (1, y 2 , . . . , y m ) 
Thus φ • ψ is not isomorphic at each point of {(1, 0)} × U . By symmetry, φ is not isomorphic for each point of E. Here, we show that φ(E) is the singular locus of X , as follows. Assume that X is smooth at a point of φ(E). Then, by symmetry, X is smooth at every point of φ(E); hence X is a smooth variety. Since φ is bijective, the Zariski main theorem implies that φ is isomorphic, a contradiction. Thus X is a singular variety with Sing(X ) = φ(E). In particular, it follows that X is not isomorphic toP.
Proof of Theorem 2.1. Assume that p = 2, and let ι : Y ↩→ P m be an embedding whose Gauss map is of rank 0. We take a general point Q ∈ Y . Changing coordinates on P m , we may assume that P = (1, 0, 0, . . . , 0) and Q = (0, 1, 0, . . . , 0) in P m . Then, as in [5, (2.1) and Lem. 2.1], we have local coordinates of Y around Q:
where (z 2 , . . . , z n , z n+1 ) are the local parameters, and the f i 's are polynomials contained in the maximal ideal of O X,Q such that ∂ 2 f i /∂z j ∂z k = 0 for each i.
As in Proposition 2.7, letP := BL P (P m ) and let φ :P → P M−1 be the morphism given by resolving the indeterminacy of
Here φ is an embedding because of p = 2. LetỸ ⊂P be the blow-up of Y at P, and letQ ∈Ỹ be the point corresponding to Q ∈ Y . Then
gives an embedding. The local coordinates of φ(Ỹ ) ⊂ P M−1 around the point φ(Q) = (π P 1 • F) (Q) are given by
By using the parameterization (2), we find that (3) consists of the local parameters (z 2 , . . . , z n , z n+1 ) and local functions vanishing under the operators ∂ 2 /∂z v ∂z w with 2 ≤ v, w ≤ n + 1. Thus it follows from [5, Lem. 2.1] that the Gauss map of φ(Ỹ ) ⊂ P M−1 is of rank 0.
Next we consider the "only if" part of Corollary 2.2. Proof. Let Z ′ be an irreducible component of Z containing P. Proof of Corollary 2.2. If p = 2 and Z is a set of finitely many points, then Theorem 2.1 implies that BL Z Y satisfies (GMRZ).
Conversely, suppose that BL Z Y satisfies (GMRZ). For an irreducible component Z i of Z , we can take a point P ∈ Z i ∩ Z reg ∩ Y reg . By applying Corollary 2.10, we obtain p = 2 and m = 0 (i.e., Z i = {P}).
Construction of varieties satisfying (GMRZ)
For a smooth projective variety Y ⊂ P M , and for an embedding P M ↩→ P M+1 with a point P ∈ P M+1 \ P M , we set R(Y ) := BL P Cone(P, Y ), the smooth projective variety ruled over Y defined as the blow-up of the cone Cone(P, Y ) ⊂ P M+1 at the vertex P.
Lemma 2.11. Assume that p = 2. Let Y be a smooth projective variety satisfying (GMRZ), and let ι : Y ↩→ P M be an embedding whose Gauss map is of rank 0. Then the ruled variety R(ι(Y )) satisfies (GMRZ).
Proof. We set Y P := Cone(P, ι(Y )) ⊂ P M+1 and denote by ι P its embedding in P M+1 . Then we have the following commutative diagram:
where π P : P M+1 \ {P} → P M denotes the projection from P. Since γ ι is of rank 0, so is γ ι P . Hence Theorem 2.1 implies that R(ι(Y )), the blow-up of Y P , satisfies (GMRZ).
Corollary 2.12. Assume that p = 2, and let C be a smooth projective curve, and let ι : C ↩→ P N be an arbitrary embedding. Then the ruled surface R(ι(C)) satisfies (GMRZ).
Proof. From [8, Cor. 2.2 and 2.3], since C is a curve, it follows from p = 2 that the Gauss map of ι is of rank 0. Therefore, from Lemma 2.11, the ruled surface R(ι(C)) satisfies (GMRZ).
Proof of Proposition 2.4. For any function field L ′ of dimension 1 over the ground field, we find a smooth projective curve C with K (C) = L ′ . Then, as above, the Gauss map of any embedding ι : C ↩→ P N is of rank 0. Let Y 1 := C. From Lemma 2.11, we inductively have that Y i := R(ι i−1 (Y i−1 )) satisfies (GMRZ) for any i > 1 if p = 2, where ι i−1 is an embedding whose Gauss map is of rank 0. Here K (Y i ) is purely transcendental extension over L ′ . Now, in order to prove Theorem 2.5, we study minimal rational surfaces: Proposition 2.13. A Hirzebruch surface Σ e := P(O P 1 ⊕ O P 1 (−e)) with e ≥ 0 satisfies (GMRZ) if and only if p = 2.
